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ABSTRACT
For an ideal J on an infinite set X with add(J) = &, let cof(J) be the
smallest size of any subfamily Y of J with the property that any member
of J can be covered by less than x members of Y. We study the value
pre NI ; 1<%+ [81<¢
of cof (NS, | A) for Ain (NS )T, where NS, denotes the
smallest [§]<%-normal ideal on P.()\). We also discuss the problem of

<#
whether there exists a set A such that NS'[:S]A = I, | A, or even
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0. Introduction

In [7] we introduced the notion of a [6]<%-normal ideal on P.()). We gave
necessary and sufficient, conditions for the existence of such ideals and described
the smallest one, denoted by N S,[f’]; ! Furthermore, we determined the cofinality
of this ideal. In the present paper the centre of our investigations is the reduced
cofinality of N SL{]: " For an ideal J on P.(}), its reduced cofinality cof(J) is
the smallest size of any subcollection Y of J such that every element of the ideal
is covered by the union of less than « ma,ny members of Y ThlS notion permits
a finer analysis, as we have cof (N SH’ y | A) = cof(N Sn 3 ) for all A, whereas

there may exist a set A such that cof(N S,[i]; ’ | A) < cof(N SL]A ). Moreover,
it seems more appropriate than the classical notion of cofinality for handling
situations when X or 4 is a singular cardinal of cofinality less than .

Johnson [4] was the first to show that there may exist a set A such that
NS, a|A = I, | A. He was quickly followed by Baumgartner (see [4]) whose
example is more widely applicable. Péan asked in his thesis whether it is consis-
tent that NS, » = I, | A for some A. Donder, Koepke and Levinski [2] proved
that there is no such A in case cf(A) > k, a fact which was rediscovered by
Shelah [10] and Shioya [11]. Shelah [10] also obtained a positive result. Namely,
he established that NS, = I, | A for some A if A is a strong limit cardinal of
cofinality less than k. So under GCH, there exists A such that NS, =1, | A
if and only if ¢f()\) < k. The present paper can be seen as a continuation of
[10] in the more general framework of [§]<%-normality. We use the concept of
reduced cofinality as a tool for dealing with the question of whether there exists
a set A such that NSL‘S’];G = I. | 4, or even NSE’];G | A=1I;,| A We will
give a complete answer to this question under GCH.

In Section 1 we review basic material concerning [6]<?-normal ideals on P, ()).
In Section 2 we list some simple properties of cof(J). Sections 3 and 4 are
concerned with the evaluation of cof (N S,[f’]; 6) and cof(N SE’]; ’ | A). We give
an estimate for cof(N S,[j]:)g) in the case that kK < § < A and present some
applications. We prove that cof (NS, ») = X in the case that X is a strong limit
cardinal of cofinality less than k. Furthermore, we show that if 4 is a singular
strong limit cardinal and  is large enough, then cof(N Sf: y) = A We also
establish some lower bounds. In particular we prove that if A € NS ,, then

cof(N S¢ y | A) > A. Moreover, this inequality is strict in case ¢ f(\) =«

Sections 5 and 6 deal with the problem of whether there exists a set A such
that cof (I, | A) < cof(I,,). We show that if A < k** or A € NS ,, then
cof(lun | A) = X For k = wy, A = k7@ and ¢ = k¥, we establish
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the following: (a) If either O% holds, or 2<% < ¢ and A < 0<%, then there
is A € NS:/\ such that cof(I, » | A) = 0. (b) A — [k]2 ., implies that

g,<K
cof(Ixn|A) = A for all A € I:" ,- In Section 7 we give a necessary and sufficient
@
condition for the existence of a set A such that IV S,[f’]; = I | A. We sum up

the situation under GCH in a table that lists all quadruples (x, A, 8, 8) such that
8
N S[a]; | A =1, | Afor some A. We also discuss the problem of whether, for

K,
8 > &, there exists a set A such that cof(V Sf[fy];e | A) < A. Finally, in Section
8, we show that if GCH holds, é > « and P is the notiorg of forcing for adding
<
(A<%)* Cohen subsets of &, then in V", we have NSE]/\ | A# I | Afor all
A.

1. [8]<%-normal ideals on P, ()

In this section we review basic definitions concerning [6]<®-normal ideals on
P.(}), as well as various results which will be used in later sections, often
without quoting them.

Given a set A and a cardinal 7, we let P.(4) =[A]<" ={a C A:|a| < 7}

Throughout the paper k¥ denotes a regular uncountable cardinal,
and A a cardinal with A > «.

For a € P.(A), we set @ = {b € P.(A) :a C b}.

I, » is the set of all B C P,(A) such that BNa = @ for some a € P(\).

By an ideal on P.()\) we mean a collection J of subsets of P,(\) such that
(i) P(By C Jforall Be J, (i) UY € Jforall Y C J with 0 < |Y| < &, (iii)
I.» € J,and (iv) P,(\) ¢ J.

Given an ideal J on P, (), we let

J*=P(P.(\)—J and J*={BCP,\):P(\)-BeclJ}

For Ae Jt, welet J| A= {B C P;(\): BNA € J}. cof(J) is the least
cardinality of any S C J with J = {Jgcg P(B).

It is simple to see that I, » is an ideal on P (A). u(k, A) is the least cardinality
of any A C P.(\) with 4 € I:,x

PropPoSITION 1.1 ([7]):
(i) u(k,A) > A.
(ii) cof(Ixa | A) = u(k,\) for every A € I:/\.

Given four cardinals 7, p, x and ¢, let X(7, p, x, o) be the set of all X C P,(r)
with the property that for every a € P,(7), there is z € P,(X) \ {0} such that
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a C Uz. If X(7,p,x,0) # 0, then we let cov(r, p, x, o) be the least cardinality
of any member X of X(, p, x,0).

ProposITION 1.2 ([8]):
(i) Let T be a cardinal. Then cov(r,7t,7%,2) = 1.
(i) Let T be a regular infinite cardinal, and o be a cardinal with 2 < ¢ < 7.
Then cov(r,7,7,0) = T.
(iii) Let 7 be an infinite cardinal, p be a cardinal with 2 < p < 7, and o be a
cardinal with ¢ > 2. Then cov(t,p,2,0) > T.

ProposITION 1.3 ([8]):
(i) cov(\ K, k,2) = u(k, A).
(ii) Let p be a cardinal with k < p < A. Then

cov(AT, p, p, k) = AT - cov(A, p, p, K).
(iii) Let p be a cardinal with k < p < A. Assume that X is a limit cardinal and

either cf(X\) < K, or c¢f(A\) > p. Then

cov(A, p,p, k) = sup cov(T,p,p,K).
p<T<A

(iv) Let p be a cardinal such that cf(p) < k < p < A\. Then
cov(, p, p, k) = cov(A, p, pT, K).
COROLLARY 1.4: Let p be a regular cardinal such that k < p < A < p*t*. Then
cov(A, p, p, k) = A

Throughout the paper é denotes an ordinal with 1<8< ), and 8 a
cardinal with 2< 0 <«.

We set 8 =0 if # < K, or # =k and & is a limit cardinal, and § = v if
0=x=vt.

Given X, C P,()) for e € Py(9), we let

VeEPg(zS)Xe = U {a €EX.:e€ ]D|ar19|(an(5)}.
eePg(é)

Given an ideal J on Pg()), VI’ 7 is the set of all B C P,()) for which one
can find B, € J for e € Py(6) so that

BC{a€ PN :an8=0}U(Veep,(s)Be)-

We say that J is [§]<0-normal if J = VI’ J.
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ProrosiTion 1.5 ([7]):

(i) Assume that § < k, or § < K, or « is not a limit cardinal. Then there
exists a [0]<%-normal ideal on P,()\) if and only if |P;(1)| < & for every
cardinal p < KN (6 + 1).

(ii)) Assume that § > &, = k and & is a limit cardinal. Then there exists a
[6]<®-normal ideal on P, ()\) if and only if k is Mahlo.

(iii) Assume that § > r and there exists a [6]<®-normal ideal on P.(}\). Then

— —_ <0 —
k<% = k. Moreover, (u<%) = = u<? for every cardinal yu > k.

If there exists a [§]<?-normal ideal on Py (}), then N'S L‘i]:o denotes the smallest
such ideal.

PROPOSITION 1.6 ([7]):
(i) NSO = vl
(i) NSEL = Nl
(iii) If§ < &, then NSO\ = I, ».

[ ]<9

For f: Py(8) — P.(A), CJ'f“’A denotes the set of all a € P,()) such that
ané # 0 and f(e) C a for every e € Pyng/(aNd).

ProposITION 1.7 ([7]):
(i) Given B C Py(}), B € NSUS" if and only if BN C = 0 for some
f: Pp.3(8) — Po(N).
(ii) Suppose § > k. Then given B C P(()\), B € NSL‘TJ;() if and only if
Bn{aeCr* :ank ek} =0 for some g: Py 4(6) — P3(N).

Given Xy C Po(A) for a < 8, we let Vyes X, = Upes(Xa N {/oz\})

Given an ideal J on P.()), V°J denotes the set of all B C P.()\) for which
one can find B, € J for a < 4 so that B C (P,(A) \{/(ﬁ) UVacsBa. Jis called
8-normal if J = V°4.J.

N S;; , denotes the smallest é-normal ideal on P.(A).

Note that NS, = NS, ».

[ ]<2

5
ProposITION 1.8 ([7]): NSJ, = NS, .

Given a cardinal x> 0, 9, is the least cardinality of any family F of
functions from g to P, (A) such that for every ¢g: p — Pc()), thereis f € F
with the property that g(a) C f(a) for every o < p.
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ProprosITION 1.9 ([7]): Let i > 0 be a cardinal. Then
(i) 2, > ulk, ).
(i) cf(@,) > p
(iii) Ifp > % and A > 2%, then 0¥ | = A,
(iv) If A > 2<%, then d}, | = a’;%ﬂ.

ProposITION 1.10 ([7]):

(i) If J is a [6]<%-normal ideal on P,()\), then cof(.J) > blﬁ(é)l.

+
@) cof VS| ) = o3 for every A € (SE)'

2. cof (J)

In this section we introduce the notion of the reduced cofinality cof(J) of an
ideal J on P, ().

Definition: Given an ideal J on P,()\), cof(J) is the least cardinality of any
Z C J such that for every B € J, there is z € P,(Z) with B C Uz.

The following collects some elementary facts.

PROPOSITION 2.1: Let J be an ideal on P.()). Then
(i) & < cof(J) < cof(J) < u(k, cof (7).
(ii) If cof(J) < A, then cof(J) = u(k, \).
(iii) cof(J) < A<* if and only if cof (J) < A<*.
(iv) cof(J | A) < cof(J) for all A € J*.

Proof: The proofs of (i) and (iv) are easy and left to the reader. It is simple
to see that cof(J) > u(k, A). Part (ii) follows from this and (i). For (iii), use (i)
and the fact that u(k, A<") = A<F. |

PROPOSITION 2.2: Assume A < xT¥. Then cof(J) > A for any ideal J on
P.(N).

Proof: Set A = k™, and let J be an ideal on P,()). Proposition 2.1 gives
cof (J) > &, so the result is immediate in case @ = 0. Now suppose a > 0. We
have cof(J) > u(k,xk**) > k**. It is well-known (see e.g. Corollary 4.2 in [3])
that u(k, k™) = k™ for all n € w. We can conclude, using Proposition 2.1,
that cof(J) > x*™ for every n € a.



Vol. 150, 2005 COFINALITY OF NORMAL IDEALS ON P.(A\) II 259

_— <@
3. cof(]\fS,[j]A )
It was shown in [7] that for § > &,

— + —_
cof(VSU) = cof (VSHU") - cov (3, (181<%) ", (1819) ", 2).

Now we establish a similar formula for cof (NS ,[j];e).

PROPOSITION 3.1: Assume 6 > k. Then

Cof(NS) = ol (VSI) - cov (0, (1819) 7, (81<%) ).

Proof: Since NS,[:;%]G = NS,[:LG for every £ < & ([7]), we can assume w.l.o.g.
that § = k or § > x + k. Select a bijection j: |§| — & so that j(a) = a for
all @ < kin case § = k or & > k1, and let ¢ denote its inverse. Define
v: Py 4(8) — Pc(d) so that
(i) If 6 < &, then v(e) = (- 3) U 56 - 3].
(ii) If k = @ and either 6 = k or § > k™, then v(e) = {0}.
(iii) Suppose £ = and k < § < x*. Pick a bijection ¢: K — § \ k. Now for
B €k, let v({8}) = wU {g(B)} and v({¢(8)}) = w U {B}.

For a € P,()\), set @ = i[a N 6]. Now let a € C5*. If < &, then -3 C @ and
f-3Ca. If =k and either § = K or § > kt, thenan (@-3) =an (6 -3).
If = kand k < § < k+, then we have w C a and glan&] = (aNé)\ &,
consequently |anN (8-3)| = [a| = [and| = |an (@ -3)]. So in any case we get
[@n@-3) =lan(@-3)].

CLAIM 1: H(ngjgtd) < Q(NSE];”)‘

For the proof of Claim 1, select a family X of functions from Pj4(d) to
P.(}\) so that |X| = E(NSL{};G) and for every h: P54(6) — Px(}), there
is X € Po(X) \ {0} with (,cy C5* C O For f: Py4(8) — Pu()), define
F: Py 4(16]) — P.(|6]) by f(u) = i[60 f(j[u])]. Now fix h: Py ([6]) — Pu([d]).

Set A = {a € Py(\) : a € CI'"'}. Define &i: P;,(6) — P.(8) by h(e) =
jlh(ile])]. Given a € C5* N CE’A and u € P, g.4)(a), we have h(j[u]) Canéd
since j[u] € P|an(§‘3)|(a N é), and therefore h(u) C @. Hence C* N C'%’x C A
Thus A € (NSEL)", s0 there is X € Py(%) \ {0} with 1, C2* C A.

Let d € CF N (N,ex C5°)). T8 < &, then 8-3 C dand §-3 C jld).
If § = k and either § = x or & > k*, then dN(6-3) = jldN(@-3). If
§ = kand k < § < &7, then w C j[d] and ¢[j[d] N k] = j[d] \ k, hence
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|dN (0-3)| = |d| = |5[d]| = |5[d]N (@ -3)|. In any case [dN (6-3)| = |j[d] N (@-3)I.
Now set

— iU (U{g<e> g€ X andee aj[d]n@.3)|<j[d]>}).

Then |a] < & by Proposition 1.5. It is simple to see that @ = d and a €
Nyex Co*- Hence d € C"f"’lls| Thus

ool ( N Cg,lél) c ol

geX

Now we can conclude that cof(N.S J‘SQI < |X|. This completes the proof of
Claim 1.

Cram 2: SoF(VSEL") < SaEVSIT™) - cov (A (1), (101P) ).

For the proof of Claim 2, set o = AN [8]<%. Select Z C {z C A : |2| = o}
so that |Z] = cov(), (|6]<%)*, (|8]<%)*, &) and for every y € P,+()), there is
Z € P,(Z) with y C UZ. For z € Z, pick a one-to-one t,: z — P;;(6) and
define k,: Pj4(0) — P.() so that k,(t.(8)) = {8} for all 3 € z.

Select a family H of functions from Pj,(|8]) to Pk(|6]) so that |H| =
E(NSE’&'QFG) and for every t: P;4(|6]) — Pi(|d]), there is H € P.(H) \ {0}
with ey CrP1 € CFPl. For h € H, define hi: P;4(6) — P(6) by h(e) =
jlh(ile])]-

Now fix g: P5,4(8) — Pc()). Pick Z € P.(Z2) so that Urang(g ) uz.
Put re = U,cz UBezﬂg(e) t,(B) for e € Py 4(8). Define g': P;,(6) — P.() by:
g'(e) = 7. if§ < K, and g'(e) = reU|r.|* otherwise. Also, define g": P, (|0 1) —
P(13) by g(«) = ilg'(Gla])]. Select H € Pu(¥) \ {0} 50 that ey C1" €

CrP. Now let a € C5* N (Nyer 5N N (Noez CF) and € € Py (@nd).
Clearly @ € (e C,'f"&l, hence @ € Cg,,lél. From this we can infer that g¢'(e) C
and. So given z € Z, we get that for each 8 € zNg(e), t,(B) € I’Ian(g,3)](aﬂ6),
hence k,(t,(8)) C a. Thus zNg(e) C a. Since g(e) = |J, (2N g(e)), this gives

g(e) C a. Thus

N CZ;*) c ot

z€Z

It easily follows that cof(N SL{];G) < |H| - |Z|. This completes the proof of
Claim 2.
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Cram 3: cov(h, (16<9)*, (16<%) ", x) < ToE(NSEL").

To prove Claim 3, select a family X of functions from P; () to P.()) so

that |X| = E(NSE];G) and for every h: Pj4(8) — Pc(A), there exists X €

)\ {0} with N, x C* C Cp. For g € X, set By = §U(Uran(g)). Notice
that |B,| < [8]<%.

Now fix A C X with |A| < [8]<P. Pick h: P, (§) — Py()) so that 4 C
Uran(h). Then there is X € P (X) \ {0} such that ﬂgeX Ccrr C CP*. For
e € P, _(6), define z, € P,()) as follows. First suppose <k Putp=26-Rgif
6N is a regular cardinal, and p = (6 - Ro)*t otherwise. Define s, for a < p by:
so = eU p and for a > 0,

sa=J SgUU{g(d) rg€Xandde P§,3<(BL<JQSB) ms)}.

B<a

Now let z, = Ua<p S« Next suppose § = x. Define y, and &, for o < & by:

(0) yo=eU et Vw.

(1) & =U(ya N k).

(2) Ya+1 =Ya U (§a+2)UU{g(d) : g € X and d C yo N 4}

(3) Ya = Upcq s if a is an infinite limit ordinal.
Select a regular infinite cardinal 7 so that & = 7. Now let z, = y,. It is simple
to see that z, € [ cx Cy* and e € P, n@3) (2 N 6). Hence 2z € Cp* and
h(e) € ze € Ugex Bg- S0 A C Uep, (s M) C Ugex By- It follows that
cov(X, (|61<0)*, (161<%)*, k) < |X]. This completes the proof of Claim 3. [ |

COROLLARY 3.2: Assume ¢ > k. Then @(NSE];O) = EE(NSE?/\”@).

COROLLARY 3.3: Let i be a cardma,l with k < u < A. Then
(i) If p<? > A, then cof(NSY"") = cof(vskL™),
() I <P < A < (u<7)"", then cof(NSYLy = A cof (WS,
— — [ RE— 4
(iii) If p<? < A, then cof(NSYL)) = aF - Cof (Vs )
(iv) If X is a limit cardinal and either cf()\) < k or cf(A) > u<?, then

Proof: Use Propositions 1.2 and 1.3 and Corollary 1.4. 1

It follows from (i) that cof(N S[’\] o) = cof(N S[A ). Concerning (iv), let
us remark that (by Corollary 4.6 below) if uisa cardlnal with £ < p < A,
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<8

and A a strong limit cardinal with x < cf(A) < u<% then Ef—(NSL’f/\ ) >
JE— <8
SUPu<r<n cof(NSL’er )-

COROLLAE}( 3.4: Let u az(}d p be two cardinals with k < p < p < A. Then
—_— _— <
cof(NSIL™) > ol (NSE) ).

It can also be shown that cof (NS ») increases with .

PROPOSITION 3.5: Let p be a cardinal with k < p < X. Then cof(NSy ) >
cof (NS, ).

Proof:  Select a family K of functions from P,()) to P.(\) so that |[K| =
cof (NS, ») and for every h: P,(X) — P,()), there is K € P.(K) \ {0} with
Niex crt C CP*. For u € Py(K) \ {0}, define u*: P,(\) — Pi()\) by
u*(e) = Upen k(€), T Pu(p) — Po(N) by G(a) = N{z € Ci2* : {0}Ua C =},
and u: P,(p) — P.(p) by @(a) =u(a) N p.

Now fix f: P,(p) — P.(p). Select h: P,(A\) — Py(p) with f C h, and
K € P.(K)\ {8} with Ny C2 C CP*. Set

B={be P.(p): Yu e P,(K)\ {0}(b € C2")}.
Now let b € B. Put
y=bU| J{T(a) : a € P,(b) and u € P,(K)\ {0}}.

We have yNp = b since given a € P, (b) and u € P,(K)\{0}, w(a)Np = u(a) Cb.

We claim that y € ez Cp. To prove the claim, fix k € K and e € P,(y).
If e C p, then

k(e) C {k}"(e) C {k}e) Cv.

Now suppose e \ p # 0. Let e\ p = {& : ¢ < m}. For i« < m, pick a; € P,(b)
and u; € P,(K)\ {0} so that & € T(a;). Set u = {k}UU,<,,u; and a =
(eNnp)UU,«,, ai- Since eNp C a C T(a) and %;(a;) C u(a) for every i < m, we
get e C H(a)_. Consequently,

k(e) Cu*(e) €

|

(a) Cy.

This completes the proof of the claim.
From the claim we obtain y € C}, * Therefore, for every d € P, (b),

fld)=h(d) Cynp=>

This yields b € C7*. So B C Cp’. It easily follows that cof (NS, ,) < |K|.
|
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cf(A) < k, and let v be a cardinal with

<e
)

PROPOSITION 3.6: Assume 6
) Supu§p<)\ -CE(NS ,

<
—_ [
k <v < A. Then cof(NSLAj\< <

Proof: Set 7 = cf()A). Let < Ay : v < 7 > be a strictly increasing sequence
of cardinals greater than or equal to v such that A = U7 <r Ay Given v < 1,
select a collection #, of functions from Pj4(Ay) to Pc(Ay) so that {#,] =
cof(NS) and for every k: Py 4(A,) — Pu(\,), there is H € Py(H,) \ {0}
with ey CF™ C Cp™. For h € H,, define B': Py (X)) — Pe(A,) by
h'(d) = h(dN Ay). Notice that an A, € C’,’f”\" for every a € C’Z,’A.

Now fix f: P, _(A) — P«(A). For v < 7, define k,: P;,()\,) — P.(\y) by
ky(€) = f(e) N )y, and pick Hy € Po(Hy) \ {8} with N,y CF™ € OPY.
Let a € My, MNhen, Ci and e € P,n@3)(a)- There is £ < 7 such that
e C A For{ <y <7, wehave an )y € Cf”\", hence k,(e) C a N A,.

Sy

Therefore, f(e) C a. So M, . Nyen, Cr’” C;”\. Now we can conclude that
JU— A <e
cof(NS,[%]A ) < U, <7 Hol- |

We will see (Propositions 4.3 and 7.7 (ii)) that if A is a strong limit cardinal,
—_ —_— -] _— é
and ¢f(A) <8 or ¢f(A) > k, then F(NSLL") > sup, o, cOF (VSIS

COROLLARY 3.7: Assume cf()) < k. Then cof (NS »)=sup,,<y cof (NS ,).
Proof: Use Proposition 3.5. |

COROLLARY 3.8: Let it be a singular strong limit cardinal, v be a cardinal with

v > p, and 7 be a cardinal with 2 < 7 < ¢f(u). Then there exists 1 < u such
— <7

that cof (N S>[<” ) ) = v for every regular uncountable cardinal x withn < y < p.

Proof: By a result of Shelah [9], there is a cardinal o such that 2 < ¢ < p and
cov(v, 4, b, 0) = v. Now let x be any regular uncountable cardinal with o < y
and c¢f{p) < x < p. By Propositions 1.2 and 1.3,

v < covlv, ut, put, x) < cov(v, p, p, x) < cov(v, p, p, o),

hence cov(v,u™,u",x) = v. From Proposition 3.6 we can infer that
—_— <r — <
cof(NS)[(’fL )} < p. Hence by Proposition 3.1 cof(NSQf}, y=wv. |



264

P. MATET, C. PEAN AND S. SHELAH Isr. J. Math.

4. wof(NSEY"|4)

]<

— +
Our aim in this section is to evaluate cof (N S,[f 3\ ’ |4) for A in (N S,[f’];g) . Let

us first consider a few cases when cof(N SE];B |A) does not depend on A.

PROPOSITION 4.1: )
(i) Assume that A = ot, Kk < §, 0 = 0<" and o81°” < . Then for every

K,

+ 9 8
Ae (NS, cof(VSINT14) = cof (VSN 14) = A

(ii) Assume that k < & and ) is a limit cardinal such that cf(\) > 16]<°.

Assume further that 7181<° < X for every cardinal T < A. Then for every
B1<°\F 5 nrglel<* [8]<°
Ae(NS\ ) ,cof(NS. |A) = cof (NS, [4) = A

(ili) Assume that cf(A) < k < 6, and 1815 <\ for every cardinal T < M.

B Sof (v s 4) = 1<) 4y =
Then forevery A€ (NS, ) ,cof(NS., |4) =Xandcof(NS. [4) =
Aef )

(iv) Assume that X is a strong limit cardinal and 6 < cf(\) < k. Then for

+
every A€ (NSY™")", cof(VSPL™"14) = A and cof(VSDL™ | 4) = eSOV,

Proof: + 7
<8 [ <é
(i) and (ii) Let A € (NSL‘S)]/\ ) . Then cof(NS,[iX |A) = A since A < a],fl\ <

(ii)

(iv)

]<

A% = », Furthermore, H(NSE];B |A) = X since u(k, p) < A for every
cardinal p with k < p < A.

+ —
Let A € (NSL'S’];G) . Since § >  and 2(91°") < X, we get cof(NSL‘i]/\<9|A)
= OL‘S";G = AU, Furthermore, since cf(}A) < |<5|<§ and 7051<) < A for

every cardinal 7 < A, we have A1<%) = \ef) | With Corollary 3.2 and
Corollary 3.3 we obtain

H(NSE’];GM)S sup cof(NS,{l‘sT”G)g sup T(|5|<?)S)\.

|6]<r <A ’ [6]<r <A

Finally, cof(N S,[j]; glA) > \ since u(k,p) < A3 for every cardinal p
with K < p < A

+ —
Let A € (NSPL™)". Then cof(WSPL14) = 005 = 0}, < (W) =
A/ On the other hand, since A > 2<%, we have DQ,A = DL}\<~ > <k =
Xef) | Proposition 3.6 implies

E(NSE:‘I;GM) < sup cof(NSLT]T<0) < sup 7<) <A\
’ KRST<A ' K<T<A
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Finally, cof(N S,[i];elA) > X since u(k,p) < AP for every cardinal p
with & < p < A. |

Our assumptions are sufficient but not necessary. To see this, suppose
that GCH holds, § > & and either § < A = o7 and ¢f(0) > &, or § < A and
A is a limit cardinal with cf(X) > |4], or A is a limit cardinal with cf()) < &.
Let 7 > A be a regular cardinal, and P be the notion of forcing for adding
7 Cohen reals. For each cardinal y > 0 and each cardinal p > k, we have
(@ )" < (0% ,)V" by aresult of [7]. It follows that in V', cof(NSS ,|A) = A
for every A € (ng,x)+~

PROPOSITION 4.2: Let u be a cardinal such that 6 < ¢f(p) < k < < A. Then
_ — +
cof(NSHL™"14) < sup,.<,, cOE(NSTL"|4) for all A€ (NSHL)

+
Proof: Fix A € (N S,[f ];9) . Let < pe : € < cf(p) > be a strictly increas-
ing sequence of cardinals greater than x such that u = supe () pe. Given
[ Pya(p) — Po(M), set fe = f [ Pyg(ue) for every € < cf(p). Then

{a €
<8

cof (NS 4) < : cof(N S 4
By ( oA I ) = Cf(/“") ( sup Co ( Ky I ))
E<cf(p)

N Anci?h :aga} CANCH™.
£<ef(n)

So we get

The desired result follows, since cof(N SL“ 1\<8IA) > cf (1) by Proposition 2.1.
|
Next we investigate lower bounds for cof (N S ,[f’];g |A).
PROPOSITION 4.3: Let u be a cardinal with x < 1 < ), and J be a [p]<?-normal
ideal on P()). Then ~
() ¢f @E(7)) <  or cf(eoE(J)) > u.
(ii) Assume pu<? = y*. Then cof(J) > pu<?.

Proof:
(i) Suppose that x < p < u<?, where p = cf(cof(J)). Pick E C Pj 4 (1) with
|E| = p, and let E = {eq : @ < p}. Select X, C J for a < p so that
(1) |Xa| < cof(J).
(ii) Xp C X, for all 8 < a.
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(iii) For every B € J, thereis S € P(l,, Xo) with B CUS.

Given o < p, set dy = e, U(@-3) if 8 < &, and da = eq Uleq|t otherwise.
Let Y, = {AU(P.(\)\dy) : A € X,}, and pick B, € J so that B, ¢ UT
for every T € P,(Y,). Now put

B=|J(Ban{a€ Pc()) : €a € Pyrsy(@})-
a<p
Since B € J, we can find o < p and S € P;(X,) so that B C US. Setting
T ={AU(P.(A\)\dy) : A €S}, we have B, C BU (P.()) \ do) C UT.
This yields the des1red contradiction.
(ii) We have cof(J) > a“ x> 4<? = y*. From u(k, p*) = u” we can conclude
that cof (J) > p*. 1
In particular if § > x and |4] is a strong limit cardinal with ¢f(|é|) < 0
+
then cof(NS (3= |A) > 208l for every A € (NSL‘S’];Q) .

Definition: Given f: Py ,(d) — Pi()) and E C A, T'¢(E) is defined as follows.
Set p =8 - N if @ - Ng is a regular cardinal, and p = (6 - Rg)* otherwise. Define
E, C Afor a < pby:

(a) Eg = E.

(b) Eats = EaU (Uf[Py4(Ea N 5)).

(¢) Ea =g, Ep if a is an infinite limit ordinal.
Then let I't(E) = U, <, Ea-

Tt is simple to see that

T4(E)=({D:E C DCXandVe€ Ps4(DN6)(f(e) C D)}

LEMMA 4.4: Let ¢’ be an ordinal with 1 < ¢’ < A, and ¢' be a cardinal with
2 < ¢ < . Further, let o be a cardinal such that ¢ > & - |§|<? and Ly(E)# A

for all E € P,(\) and f: Py 4(") — P.(\). Then cof(NSEY |4) > o for
every A € (NSL{TB ) .

Proof: Let A € (NSE’TH’)* and B, € NSE];B | A for o < p, where p
is a cardinal with 0 < g < 0. Pick f: Pp3(8') — P.()) with CF* C A,
and for @ < p, go: Pp3(6) — Pe(A) with (B, N A4) N C_,’;;A =0. Set E =
kU Uy, (Uran(ga)). Since |E| < o, we can find ¢ € A so that ¢ ¢ Ly(E).

Now let © € P(u) \ {#}. Define b as follows. First suppose that § < x
and 0" < k. Set p = (6-No) U (67 - Ro) if (8- Ro) U (8’ - R) is a regular cardinal,
and p = ((6-Ro) U (@ - No))+ otherwise. Define ag for § < p by:
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(a) ap=(-3)U(@-3).
(b) agt1 = agUvUw, where v = (J{f(d) : d € P 4(agnNd’)} and w =
U{ga(e) : @ € z and e € Py (agNd)}.
(¢) ag =J;pac if B is an infinite limit ordinal.
Now let b = {J;_,a5. Next suppose that § = « or 6’ = k. Define s and 75 for
B < & by:
() ¥O<k,s50=0-3. 0 <k,8=0-31f0=0 =k, so={0}.
(i) v8 = U(dg N k).
(ili) sg41 =s83U(yp+2)UyU 2z, wherey = |J{f(d): d € Py a3y (ds N0}
and z = {ga(e) ra € z and e € P, 5.5, (s5 N 3)}.
(iv) sg = Ugp 8¢ if B is an infinite limit ordinal.
Select a regular infinite cardinal 7 < x so that
0) 7 =T
(1) If 6 < &, then § < 7.
(2) If @' < k, then @ < 7.
In any case we have b € C";’A NNocs C’;(;’\. Moreover, ¢ ¢ b since b C I'y(E).
Hence P.(A) — {/C\} Z Upey Ba- |

PROPOSITION 4.5: Let ¢’ be an ordinal with 1 < 6’ < X, and 8' be aacardinal
— ar JU— <
with 2 < 6' < k. Assume that A > r - |8]<7 - |§'|<?". Then cof(NSPY"|4) > A

ok

for every A € (NSP]™") .

Proof: The result follows from Lemma 4.4 since |I'f(E)| < A for all E € P,(\)
and f: Py 5(8") — P.()). ]

COROLLARY 4.6: Let &' be an ordinal with 1 < §' < X, and ' be a cardinal
with 2 < ¢’ < k. Assume that k < 6, K < cf(A) < [6]<% < X and |§'|<?" < A

Then cof(NSPL"|4) > X for every A € (NSUT™")
K, Y Koy A :
Proof: Use Proposition 4.3. N

PROPOSITION 4.7: Let 8 be a cardinal with 2 < §' < k, and o be the least

cardinal 7 such that 7<% > k. Assume that k < A and |6|<° < o. Then
<o’ *

Q(NS[‘S]GIA) > o for every A € (NSPL)
KA = Y KA .

Proof:  Suppose that there exists a [A]<?-normal ideal on P.()\). Then o > &,
and (v<?)<" = v<% for every cardinal v > k. Hence for each f: Py 4(\) —
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P.()\) and each E € P,(\) \ {0}, we get |T's(F)| < (x- |E|)<¥ < X. Now apply
Lemma 4.4. 1

In particular, if A > x - [6|<% and A € NS?,, then cof(NSEL" |4) > A. If
in addition § > & and & < c¢f(}A) < |6|<§, then E(?(NSE];Q!A) > A — see the

next result.

COROLLARY 4.8: Let 8’ be a cardinal with 2 < ¢ < k. Assume that
k <6, k < cf(A) <6< < A, and u<¥ < X for every cardinal p < A

Then W(Ns}j]f"m) > \forall Ae (N SLA,];G ) -

Proof: Use Proposition 4.3. |

5. a(Ifc,)\lA)
PROPOSITION 5.1: cof (I ») = A.

Proof: For each B € I », thereis a € Pg()) such that B C UQEG(PN()\)\{a/\}).
From this we get at once cof(I; ) < A. The reverse inequality is immediate
from the remark that given fewer than A many sets in P.()) their union is a
proper subset of A. ]

The rest of the section deals with the question of whether there exists A
such that cof (I x|4) < A.

PROPOSITION 5.2:
(i) If A < k*¥, then cof (I, x|A) = A for every A € I:,,\-
(ii) IF|8]<7 < A, then cof (I, x|4) = A for every A € (NSIPF")",
(iii) Let o be the least cardinal T such that 7<% > . Then cof(I, \|A) > o for
every A € (NS,[:];‘,)*.

Proof: By Propositions 5.1, 2.2, 4.5 and 4.7. ]

PROPOSITION 5.3: Let o be a cardinal with k < o < A. Setting 6 = (cf(o))*,
assume that 8 < k, there exists a [0]<%-normal ideal on P,()), and o is the least

cardinal 7 such that 7<% > \. Then cof(I, x|A) = o for some A € (NS,[:LQ) .
Proof: Pick a surjection j : Py(0) — P;()). Then given v € A, we have

crrngn N {e) <)

ace
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for any e € Py(0o) such that j(e) = {7}. Consequently, E&(IH,,\IC’;”\) < o. The
reverse inequality holds by Proposition 5.2 (iii). [ |

If A = &, then by Proposition 2.1, cof (I, »|A) = X for all A. Now suppose
A > k. If u(k,7) < A for every cardinal 7 with Kk < 7 < A (under GCH,
this assumption is equivalent to: A is either a limit cardinal or the successor
of a cardinal of cofinality greater than or equal to ), then by Proposition 2.1,
cof (I, x|A) = A for all A. On the other hand, if there exist two cardinals 7 < &
and p < A such that p<” > X and p<" < & for every cardinal u < & (under
GCH, this means that A is the successor of a cardinal o of cofinality less than
k and x is not the successor of a cardinal of cofinality less than ¢f(o)), then
by Proposition 5.3, BT(I,MIA) < A for some A. We will see that the same
conclusion follows from the hypothesis that A is the successor of a cardinal o
such that ¢f(0) < k and [0}, holds. On the other hand, the conclusion fails if
A=o0", k=0t 6" =0, vV =y and A — [k]? .. Thus, the assertion
“cof(Lyy wo1]A) < we1 for some A” is consistent with ZFC, but so is (relative
to a large cardinal) its negation. First, we reformulate our problem.

Definition: For two cardinals p and ¢ such that 2 < p < k < g, AZ: "\, asserts
the existence of y, € P,(0) for a < A such that [{a < A :y, C d}| < & for all
d € Py(0).

LeMMA 5.4: Let p and o be two cardinals such that 2 < p < k < o, and let
Ya € P,y(0) for a < X be such that |[{a < A :y, C d}| < & for every d € P(0).
Then [{a < A :yq C z}| < & for every @ € P+ (0).

Proof:  Suppose, to get a contradiction, that there is e C A such that |e| =
and |U,e, Yol < %% Then |U, c. Yol = &. Select a bijection j: & — Uue, Ya-
For a € e, let &, be the least # < k such that y, C j[3]. Pick ¢’ C e and
§ < K so that |e'] = xT and & = £ for all a € ¢'. Then |, ¥al < &, a
contradiction. | |

PROPOSITION 5.5: Let p and o be two cardinals such that 2 < p < k < 0.
Then A7 implies A7 | .

Proof: This is an immediate consequence of Lemma 5.4. |

Definition: Given a cardinal ¢ > &, A7 , stands for A7}.
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PROPOSITION 5.6:

(i)

(i)

Let o be a cardinal with k < . Assume that A7 , holds, § < A and there

+
exists a [6]<?-normal ideal on P.()\). Then there is D € (N SL{];Q) such
that cof(I; ,|D) < o.

Let o be a cardinal with k < ¢, and p be a regular infinite cardinal with

p < k. Assume that A7% holds and there exists a [A\]<?-normal ideal on

+ —
P.(}). Then thereis D € (NSL):];G) such that cof(I,\|D) < 0.

Proof:

(B)

The result is trivial in case ¢ > A. Now assume o < A. Select y, € Py{0)
for & € A\ & so that |[{a € A\ d :y, C d}| < & for every d € Pc(0). Let
D be the set of all a € P.(\) such that {& € A\ 0 : yo C a} C a. Then

+
De (NSL{];B) , since given f: P; ;(8) — P.(A), we have
b foer\b:ya CBEeDNCT

for any b € C’}" * Furthermore, cof (I, »|D) < o since given ¢ € P,()\), we
have DN ¢ C &, where ¢ = (cNo)U Uaee\o Ya-
Let us assume that ¢ < A, since otherwise the result is trivial. Select
Yo € Py(o) for a < X so that [{a < X :y, C d}| < & for every d € Pc(0).
Let D be the set of all a € P.()\) such that {& € A : yo C a} C a. To prove
that D € (NSL’?];O)‘F, fix f: P;,(A) — P.()\). First suppose § < . Pick
a regular cardinal x so that p-8 <y < k. Now define ag for 8 < x by:

(a) ap=6-3.

(b) ag+1=agU{a € A:ya Catu Ueepm(aﬁ) fle).

(¢) ag =, .gay if B is an infinite limit ordinal.
Then we have a, € DN C}‘”\. Next suppose 8 = . Define bg and 4 for
8 < & by:

0) by = w.

(1) v = U(bg N k).

(2) b5+1 =bsU(vp +2) Ulbsl* U{a € A:ya CstUU,cy, fle)-

(3) bg = Ugcpbe if B is an infinite limit ordinal.
Now select a regular cardinal 7 so that p < 7 < k and v, = 7. Since
|b-l=7=0bN7, wegetb, € DN C’;f’)‘.

Finally, to see that cof(I, »|D) < o, it suffices to observe that for any
ceP,i(/\),Dﬂaga where ¢ = J,c. Ya- 1
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PROPOSITION 5.7: Given a cardinal o > &, the following are equivalent:
(i) A7, holds.
(i) cof(Ixx|A) <o for some A €I ,.

(iii) There is an ideal .J on P,.()) such that cof(J) < o.

Proof:
(i) — (ii) By Proposition 5.6 (i).

(ii) — (iii) Trivial.

(iii) — (i) Let J be an ideal on P,()) such that cof(J) < o. Sclect Dg € J*
for B < o so that for every D € J*, there is z € Px(o) \ {0} with
Ngez D3 € D. For & € A, pick yo € Py(0)\ {8} so that Mg, Ds C {/a\}.
Now let d € Pc(o)\ {8}. Then {& < A:y, Cd} Ccforanyc€ Nz, Ds,
hence [{a < A:yq Cd}| < k. 1

COROLLARY 5.8: Let ¢ be a cardinal such that k < o < X and A7 , holds.
Then u(k,0) = u(k, A).

Proof: By Proposition 5.7, there is A € I:A such that cof(I, \|A) < . Then
we get

u(k,A) = cof (I A|A) < u(k, cof (I, y|4)) < u(k,a) < u(k, ). ]

We now consider the question of whether there exists D € N S:’ 5 such
that cof (I, |D) < A. Proposition 5.6 (ii) gives a positive answer in some cases,
but it does not. apply if, e.g., kK = w; and A = w,,4+1. To deal with such cases we
‘introduce a (stronger) variant of A7 .

Definition: For two cardinals p and o such that 2 < p < k < o, B asserts
the existence of y, € P,(0) for & < A such that for every nonempty e € P,.+(}),
there is a < s-to-one function in [] .. va.

LEMMA 5.9: Let p and o be two cardinals such that 2 < p < k < o, and let
Yo € P,(0) for o < A be such that for every nonempty e € P,+()), there Is
a < k-to-one function in [],c, ¥a- Then [{a < X : yo C d}| < & for every
d € Py(o).

Proof: We have to show that |, ¢, ¥a| = & for every e C A with |e| = k. Given
such an e, sclect a < n-to-one function h € [ ¢, Ya- Define by induction &5 € e
for 3.< & so that h(&g) # h(&,) for all v < 3. Then clearly |Ug., e, = &.
|
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PROPOSITION 5.10: Let p and ¢ be two cardinals such that 2 < p < k < 7.
Then B} implies A7%.

Proof: The result follows immediately from Lemma 5.9. |

Definition: Given a cardinal ¢ > &, BS , stands for B:’;

PROPOSITION 5.11: Let ¢ be a cardinal such that ¢ > « and B7 , holds.
Assume that there exists a [\]<Y-normal ideal on P.(\). Then there is D €

+ —_—
(NS}[;‘];Q) such that cof(I; 5|D) < o.

Proof: Let us assume that ¢ < A, since otherwise the result is trivial. Select
Yo € Pyi(o) for a < A so that for every nonempty e € P.+()), there is a
< k-to-one function in [], ., ya. Let D be the set of all a € P.()) such that
{a < A:yq Ca} Ca. Toprove that D € (NSL)"]AG)-'-, fix f: Py4(A) — Pe(A).
Define eg for § < & by:

(a) eo = k.

(b) egy1 =egU{a <A:ya Ceg}U UbEPg,;;(eﬁ) f(b).

(c) e =, g€y if B is an infinite limit ordinal.
Now set E = Js..es- Then |[E| = k and {& < XA :yo € E} C E C A
Moreover, f(b) C E for every b € P;4(E). Select a < s-to-one h € [[,cg Yas
and let H be the set of all a € P()\) such that A=1({¢}) C a for every £ €
aNran(h). Clearly, H € (NSL‘T];G)*. Pick a € @ NHN C}"’\. It is simple to
see that aNE € Cl'f’)‘. Now suppose that a € A is such that yo CaN E. Then
we get « € E and h{a) € anran(h). Since a € H, we can conclude that a € a.
Thus N E € D, hence D NC}* # 0. Finally, if ¢ € Po()), then DN C 3,
where ¢’ = |J,¢, Yo This yields cof(I5,3|D) < 0. |

6. A7 , and B,
This section is concerned with the truth of Ag, » and B,‘; e
Definition: Given a set A, we set [A]? = {a C A : |a| = 2}.

Definition: Given two cardinals x and 7, A — [x]2 _, means that for every

F:[\? — x, there is A C X such that |4] = x and |{F(a) : a € [A]*}] < 7.
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PROPOSITION 6.1: Let u be a singular limit cardinal such that cf(u) < K < 2<#
and Kk — [”Ef(u),<cf(u)' Then setting 0 = 2<#, p = (cf(u))T and X = 2*,
A7S holds.

Proof:  Select a strictly increasing sequence < g, : v < cf(u) > of infinite
cardinals so that pu = sup, .., #y- Let @ be the set of all X C u such that
{py v < cf(n)} C X. Pick a bijection j: U7<cf(#) P(uy) — 0. For X € Q,
let yx = {J(X Npy) : v < ef(u)}. Notice that yx C o and |yx| = cf(p).
Now fix X C @ with |X| = k. Define F: [X]? — cf(u) by: F({X,X'}) = the
least v < cf(u) such that X Npy # X' Npy. Select Y C X and 1 < cf (1)
so that |V| = & and F(w) < n for all w € [V]>. Define k: Y — xcyyx by
k(X) = j(X Npy). Then k is one-to-one, hence | U, cx yx| = . Since [Q] = A,
we can conclude that 475 holds. [ |

The following is due to Shelah (see Theorem 6.3 in Chapter II of (8]).

PROPOSITION 6.2: Let p and ¢ be two cardinals such that cf(c) < p < & <
o < A. Assume that u(ot, ) < cov(o,0,p,2). Then B} holds.

Proof: Select B € I;;’A so that |B] = u(o",A). Forb € B,let b=, .4(r) a,
where |dg| < o for every v < c¢f(o). Pick yo € P,(0) for & < A so that
Yo Ucemdg yc for every b € B and every v < ¢f(0). Now let e € P,+(\)\{0}.
Select b € B so that e C b. Define g: e — c¢f(0) by: g(a) = the least v < ¢f (o)
such that o € df. Define h € [] . ¥a 50 that h(a) ¢ UCEOlﬂdg(a) yc for a € e.
Given u C e with |u| = (¢f(0))*, select v C u so that |v| = (cf(0))" and g is
constant on v. Then h is one-to-one on v and therefore not constant on u. Thus
his < (cf(0))*-to-one. [ |

COROLLARY 6.3: Let p and o be two cardinals such that (a) cf(o) < cf(p),
(b) p<k, (c) k-2<° <0, (d) 67 < 0<*, and (e) u(p,v) < o for every cardinal
v with p <v < . Then B)?, holds.

Proof: 1t is simple to see that ¢< = 2< . u(p, o) and

o < u(p,0) = cov(o,0,p,2) - sup u(p,v).
p<v<o

So we have

cov(o,0,p,2) =< > ot =u(ot,07).
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In particular, if 2% < R, and R,41 < R30, then B¢ o, holds for all n
with 0 <n < w.

By work of Todorcevic [12] and of Cummings, Foreman and Magidor [1],
if 0 is a singular infinite cardinal, and O} holds (or there is a very good scale on
o), then one can find y, C o for-a < ¢ so that (a) for every a < 07, Uy, = o
and o.t. (y,) = cf(0), and (b) given 8 < o™, there is g: # —> o such that

¥a \ 9(a)) N (yor \ g(')) =0

for any «, o’ € B with o # o’. As an immediate consequence we get:

PROPOSITION 6.4: Let o be a cardinal such that cf(o) < k < ¢ and 0% holds.
Then B2/ " holds.

The rest of the section is devoted to the proof of the result of Todor-

cevic [13] that wyy1 — [wi]?, ., implies the failure of A%v , . For the
consistency of w41 — [w1]Z, ., see [6].

LEMMA 6.5: Let 7 be a cardinal such that <7 < X and A — [«]? ., and let
C C P(r) with |C| = . Then there is b € P.(7) such that [{cNb:c € C}| > k.

Proof: Select a bijection j : A\ — C. Define F: [\|> — 7 so that F({a,8}) €
j(a)Aj(B). Pick e C A so that |e| = « and |{F(z) : z € [e]*}| < &. Then
b={F(z) : z € [e]’} is as desired. |

LEMMA 6.6: Let v and o be two cardinals such that w < v < Kk < ¢ < A and
+
o holds. Then there is C C {c C 0= : |c| = cf(v)} such that |C| = A and

{c € C :|enb| = cf(v)}| < & for every b € Pc(o<") (and hence Af/\u’(cf(")ﬁ
holds).

Proof:  Since Ag:l;r holds, there is A C P,+(0 \ &) such that |4] = X and
|Uz| = k for every © C A with |2| = k. Fix a strictly increasing sequence
< e+ & < cf(v) > of ordinals with sup; s, )ne = v. For a € A, select a
bijection j,: v — aU v and put @ = {j, | ve : &€ < ¢f(v)}. Clearly, B =
{a:a € A} has size \. Now let d € Po(U¢c () Fe)> where F is the set of all
functions from v¢ to 0. Set z = | J,,ran(t). Then z € P,(0). Moreover, for each
a € A, l[and| = ¢f(v) implies that a C z. Hence [{b € B: [bNd| = cf(v)}| < .
The desired conclusion easily follows. |
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PROPOSITION 6.7: Let v and o be two cardinals such that (a) w < v < k < 0,
(b) 0<% < A, (c) p<¢/) < k for every cardinal u < k and (d) A — [k]?<.
Then AZi';\Jr does not hold.

y<KT

Proof: By Lemmas 6.5 and 6.6.

COROLLARY 6.8: Let o be a cardinal such thatwy; < o < Aand A — [w1]2 .
Then A7,  does not hold.

7. LoalA

In this section we deal with the questioon of whether for § > &, there is 4 such
< <

that NS,[f’])\ = I, |4, or even NSL‘S’])\ |A = I z|A. Our key tool for getting

positive results is the following abstract version of a result of Baumgartner

(Theorem 2.3 in [4]).

LEMMA 7.1: Let I and J be two ideals on P, () such that I C J. Assume that
for any B C J with |B| = cof(J), there is D € Jt such that DN B € I for every
B € B. Then there is A € J* such that J|A = I|A.

Proof: Select B C J so that |B| = cof(J) and for every C' € J, there is
x € P.(B) with C C Uz. Now let A € J* be such that ANB € I for all B € B.
Given C' € J N P(A), select z € P.(B) so that C C Uz. Then C C AN (Ux),
and since A N (Uz) belongs to I, so does C. Hence I N P(A) C J*. |

PROPOSITION_ 7.2: Assume 0 > k, and let J be an ideal on P,()\) such that
cof(J) < 16|<% and P.(\) ¢ VI’ J. Then there is A € (V<" 7)" such that
JIA = I, \|A.

Proof: If B, € J for e € Py(6), then AN B, € I, for all e € Py(4), where
A = Po(A) = (Vaep;(5)Ba)- So the desired assertion can be inferred from Lemma
7.1. |

COROLLARY 7.3: Let ¢ be an ordinal with k < { <4, and nj be a cardinal with
]<

2 < n < 0. Assume that there exists C' € (NSE,];G) such that J(NSE/\ WIC) <
18|<7. Then NSYL"|4 = I,,\|A for some A € (NSPL" ).

Proof: Set J=N SE];UIC’. We have

<@ [5]<9

VI 7 ¢ v (Vs o) = I Vs = vslel
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Hence, by Proposition 7.2, there is D € (NSE’];G) such that J|D = I, |D.
Now setting A = C N D, we get

NSE|A = (JID)IC = (1iaID)IC = Loal4. B

COROLLARY 7.4: Assume that § > k and A8 = A<F_ Then NSL‘S’]:GM =
I \|A for some A € (NSL’\A\G) .

Proof: The result follows immediately from Corollary 7.3 since cof(N S ,[f’];g) <
cof (NSEL"y < A8

COROLLARY 7.5: Assume that § > « and J is a [6]<%-normal ideal on P, ()\)
with cof (J) < |6/<%. Then J = I, |A for some A € I,.

Proof: This is an immediate consequence of Proposition 7.2. |
1<

Suppose § > k. If thereis A € I:/\ such that NSL{)\ = I »|4, then by
a result of [7], |6|<% > A. From this and Corollary 7.5 we can conclude that
RN <8 - 4
cof(NSPL") < 16]<7 if and only if NSIS = I, 5|4 for some A.
PROPOSITION 7.6: Assume that ) is a strong limit cardinal and 6 < cf(}) < k.
]
Then NSP‘]< = I, z|A for some A € I,;"’)\.

Proof: By Proposition 3.6 and Corollary 7.5. 1
Corollary 7.5 can also be used to obtain a lower bound for cof (NS ).
PROPOSITION 7.7: _
(i) Let o be the least cardinal T such that 7<% > \. Assume § > 0. Then
—_— 8
cof(NS,[f’]; y>o.
(ii) Assume that cf(A) > k and u<a < X for every cardinal u < A. Then
—_— ] -
cof(NSL’\’]; ) > A<h,

Proof:
(i) Suppose otherwise. Then by Corollary 7.5, there exists A € (N SL‘S’];G)
g
such that N SE]; = I.|A. Now Proposition 5.2 (iii) tells us that
Q(In, A|A) > o, which is a contradiction.

8 *
(ii) Supppose otherwise. Then by Corollary 7.5, there is A € (N SL’\’]; ) such
that NS,[:];G = I »]A. Now Proposition 5.2 (iii) says that cof (I, z|4) =
A, contradicting Proposition 4.3. |
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In particular, cof(N Sk,a) > A. Moreover, this inequality is strict in case

cf(N) > .
IS4 = RN S

If NS\ |A = Icx|A, then clearly cof(NS.’) [4) < A Let us next
discuss the problem whether for § > &, there is A such that E(N S |A) <A
LEMMA 7.8: Let o be a cardinal withk < 0 < A, ( be an ordinal withd < { < A,
and n be a cardinal with 8 < nn < k. Assume that (a) 6 > k, (b) there is
D e (NSY")" such that cof(I,x|D) < o, and (c) there is C € (NSKL)

—_— [ _ *

such that cof(N‘S’L‘S’]/\< |C) < |¢|<". Then there is B € (NSLC,];W) such that
cof(NS¥Y|B) < 0.

*

such that
(IeaD) <

Proof: We can apply Corollary 7.3 and obtain A € (NS

<

)\
NS,f]A |A = I, |A. Setting B = DNA, wegetcof(NS[‘s]/\ |B) <
. B

)
cof ([,

LEMMA 7.9: Assume that § > k, A = ot and |6|<§ < o. Then there is
+ R

A € NS:, such that for every B € (NSPS)" n P(4), cof(NSPL"|B) <

—_ <8

cof (I, 2| B) - cof (NSEF9I™.

Proof: For v < ), select two bijections j,: yNo — v and ky: Py(o) —
Py{~yU o) so that

(i) If v < o, then j, is the identity on v, and k., the identity on P»(o).

(i) 7> o, then k,(8) = 0 and k,({C}) = {j,(Q)}-
Let ¢ denote the inverse of k5. Set W = {a € P;(\) :aN&k € k} and

A=[INWOCE N (AyerCi).

We have W € (NSg,)", Cp* € (NS27)* and for every v € A, C,':f €

+
(NSZ,)*. Hence A belongs to NS} | (and so to (NSE’];H) ). Select a col-

lection F of functions from Pj,(8 N o) to P3(o) so that |F| = cof(N SL’{QU]G)
and for every g: Py (6 N o) — P3(0), there is € P.(F) \ {0} with

ﬂ{aEC}W canNk €k} CCPA
fex

For f € F, define f: P; ,(8) — Ps(0) by f(e) = f(j; ' (e)).

Now let h: P;,(8) — Ps()\). Pick v € A so that h(e) C v for all e €
P;4(6). Define g: P;4(6 No) — P3(yNo) by g(d) = 55 (h(js[d])). Select
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& € Po(F)\ {0} so that Ny {a € OF7 1 anNk € k} C CH*. Set Y =
An{v}NNfer O?"‘”\. We claim that Y C C,’f’x. To prove the claim, let b € Y
and set a = bNo. Obviously, aNn(@-3) = bN(-3) and ank € k. Let
ferxandde ﬂan(§_3)'(a N (6 No)). We have js[d] € P|bn(§~3)|(b M 4), since
b e Ci*. So it follows from b € c;’* that f(d) C bNo. Thus a € e, C}°,
hence a € C5»?. Now let e € Py 5.4, (bNJ). Since b € C(’;”\, we have j;1(e) €
Plun@3)(@N(8Na)). From a € Cy?, we can infer that 5" (h(e)) C a. It follows
that h(e) C b, since b € C,';’)‘. This completes the proof of the claim. Now given

[6]<6 +
Be (NS, ) NP(A), we get

Bn{nin (et cBncy.
fex

Consequently, cof (NS} |B) < |F| - cof(Ixx|[B).

PROPOSITION 7.10: Let ¢ be a strong limit cardinal, and let 7 = (cf(o))*.
Assume that 0 < 7 < k < 0 < 8§ < 07 < X < 29 and there exists a [6]<" - normal

ideal on Py()). Then thereis T € (NSUL")" such that (a) NSUL|T = I, \IT,
and (b) cof (I, \|T) = 0.

Proof: By Proposition 5.3, there is D € (NSLC:LO)* such that cof(I, \|D) = o.
Furthermore, Propositions 3.1 and 4.1 (iv) yield E(NSE];G) <oA= |6<.
Therefore, by Lemma 7.8, there is B € (N S,[j]; T)* such that cof (N SE]; ’ |B) =
0. From Corollary 7.5 we can infer that thereis C € I : 5 such that NS L{];o |B =
Lx|C. Then B\C € NSYL" hence P,(A\C € NSUL. Sosetting T = BNC,
we have T € (NSL‘i])\<T)* and NSL‘S’];9|T = I, \|T. Proposition 5.2 (iii) gives
o < cof(I, 5|T). Conversely, cof(I, »|T) < o is true because ﬁ(NSE};ﬂT) <
wf(NSP 1By =0, W

Note that if o is a strong limit cardinal such that § < cf(0) < k <0 < d <
ot < X < o™, then by Corollary 3.2, Corollary 3.3 and Proposition 4.1 (iv), we
have cof(N S,[j]; 8) = A, hence by Corollary 7.3 and Proposition 5.2 (iii), there
is A€ (VSPL™) such that (a) NSUS" |4 = I, 5|4, and (b) Gof (I, x|4) = X
PROPOSITION 7.11: Let o be a strong limit cardinal, and let 7 = (cf(o))*.
Assume that 7 < k < é < ¢ and there exists a [0]<"-normal ideal on P.(\).
Then
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o

(i) Ifo < XA <29 then EBF(NSE];G|B) = ¢ for some B € (NSLT];B ) .
ii) If A =0T and 7 <#, then J(NS[IS]G B) = o for some B € (NSM™)"
Ky

Proof:
(i) Suppose ¢ < A < 27. Then by Proposition 5.3, there is D in (N S,[z];f)
(and hence in (N S,[:l\d'?) ) such that cof(I, »|D) = o. Furthermore, we

have
— <8 <8 6
cof (NSPL™) < cof (NSPLT) < MO < 3o = g<07,

Now the assertion follows from Lemma 7.8.
(ii) Suppose A = 6t and 7 < . Then by Lemma 7.9 and Proposition 4.1

+
(iii), there is A € NS} , such that for every B € (NSE’];Q) N P(A),
- ] N
cof(NSLik< |B) < o - cof(I,x|B). Moreover, by Proposition 5.3, there

<y ¢

is D € (NS[”/\ ) such that cof(I, z|D) = 0. Now put B = AN D.

K’Y
<7

Obviously, B € (N SL’?/\ )* Proposition 4.7 gives cof (N SL‘S’]/\<G|B) > 0.
On the other hand, we have @(NSEY];HB) <o -cof(I, \|D) = 0. ]

With GCH, we obtain the following picture.

PROPOSITION 7.12: Assume that the GCH holds and 6 > k. Then .
[#1<?

(i) 16 =X andcf(A) < 8, then cof(NSUL" |4)=2++ forall A € (NSIL)

- _ <# <6 +
(i) Ifr<cf(N) <|81<7, then cof (NSI'LJA) = A+ for all A € (NSE) ).
(i) Assume that (a) 6 < A and ¢f(A) < k, or (b) § = A and 8 < cf(N) < &,
or (c) § < A = ot and cf(c) > k, or (d) X is a limit cardinal and
181<% < cf(\). Then cof (NS 14) = A for all A (NSE};’T.
(iv) Assume that A = ¢& and either 6 < ¢ and cf(c) < 8, ord < X, 6 <
cf(o) < k and k is not the successor of a cardinal of cofinality less than

—_ +
or equal to cf(c). Then cof(NSE&G |A) = o for some A € (NSE];O) .

Proof:
(i) Suppose cf(A) < 8, and let A ¢ (NSlefef. Then cof(NSP)|4) <
cof(NSL):L<8|A) = AT, Furthermore, we have E(NSL’T];QM) > AT since
u(k, A7) < AT,
(i) Assume s < cf(X) < |6|<%, and fix A € (NSL§1;8)+. Then E(NSE];S |4)
< cof(N S,[f’]; 9|A) = AT. But clearly we have u(k,A) < A*, which gives
of(NSU4) > A
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(iii) By Proposition 4.1.
(iv) By Propositions 7.10 and 7.11. 1

Let us next consider the case that was not dealt with in Proposition 7.12,
namely the case when A = o, k = v+, 8- cf(v) < cf(0) < k and § < .

PROPOSITION 7.13: Let #' be a cardinal with 6 < ¢’ < k. Assume that
(@) A = ot, (b) 0 > k, (c) either A7 holds for some regular infinite cardi-
nal p < k, or Bf  holds, (d) either k < é < ¢ and 7U81°°) < & for every cardinal

T <o,0orcg <6<\ 0 <cf(o) <k and o is a strong limit cardinal, and
' r
(e) there exists a [\]<? -normal ideal on P.()\). Then there is B € (N S,[i];g )

such that cof(NSPY"|B) = o.

P+
Proof: By Propositions 5.4 (ii) and 5.11, there is D € (N SL’\}\G ) such that
cof (I A|D) < . From Lemma 7.9 we obtain A € NS}, , such that for every

e +
Be (NSU) nP(a),

1<

coE(NSLL |B) < @of (11| B) - cof(NSE0A).

Now put B = AN D. By Proposition 4.1 ((iii) and (iv)) and Corollary 3.2,
RN 8 —_ e JR—

we have cof(NS,[f";“T]< ) = o. Therefore, cof(N,S',[f’]/\< |B) < cof(IxA|D) -0 =0.

Also, H(NSE];G |B) > o, since u(k,v) < A for every cardinal v with x < v < 0.

1

In particular, with the help of Proposition 6.4, we have: Assume that
(a) k <6 < X =o', (b) o is a strong limit cardinal with cf(o) < &,
and (c¢) O holds. Then W(NS,‘:’/JB) = ¢ for some B € NS:’A. On the
other hand, by Proposition 5.7 and Corollary 6.8, wy11 — [wi]?, ., im-
plies that H(N;S'f,hwwHIB) > w, for each § with wy < § < w,41 and each
Be (NS}

)T
If the GCH is assumed, then our question of the existence of sets B such
1<

that N S,[f y |B = I \|B can be answered completely.

1,Ww+1

PROPOSITION 7.14: Assume that the GCI—£ holds and § > k. Let xo and X3
<
denote, respectively, the assertions “N S,[f’]/\ = I, »|A for some A € I : \ and
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+
“NSL‘;,]/\<6|B = I, »|B for some B € (NSEEQ) 7. Then

(NS | cof (NS | xe |

18]<% < cf(N) A A no | yes

Kk < cf(\) < |6]<? AT At no

d<Xandcf(\) <k A At no | yes

d=Xandcf(\) <8 AT AT no
d=Xand @ <cf(\) <k A AT yes

Proof: See Propositions 4.5, 7.12 ((ii), (iii) and (i)) and 4.1 (iv) for the value
of cof(NSCL™), and [7] for that of cof (VSPL). T 16]<7 < cf()), or 6 < A and
¢f(X) < &, then by Corollary 7.3, x1 holds, but by a result of [7], xo fails. If
8 =X and 8 < cf(\) < &, then xo holds by Proposition 7.6. Finally, if either
k< ef(\) <18]<7, or 6 = X and cf(A) < 8, then coF(,\|B) < cof(VSEL|B)

[5]<6 +
for every B € (NS, ) , hence x1 does not hold. ]

8. Cohen forcing
<8
In this final section we construct a forcing extension in which N SLC]A |A #

+
I, \|A for each ¢ with K < { <\, and each A € (NSE];G) .

LEMMA 8.1: Let R be a k-closed notion of forcing. If there exists (in V) a
[6]<%-normal ideal on P, (), then the same holds in V.

Proof: This is clear from Proposition 1.5 (i) in case 8 < k or & is not a limit
cardinal. Otherwise, use Proposition 1.5 (ii) and the fact (see, e.g., Exercise H4
in Chapter VII of [5]) that if x is Mahlo in V, then k remains Mahlo in V%,
|

LeEMMA 8.2: Let u be a cardinal such that & - ([5]<§)+ < po= psto <N
and @ be the notion of forcing which adds a Cohen subset of u. Further, let

+ +
Ae (NSP)". Then in V@, P(4) n (NSPL") nwmr,, #0.

Proof: ) can be taken to be the set of all functions ¢ such that dom(q) €
P,(ux p) and ran(g) C 2. For a Q-generic set G over V, define Fg: u — Po(p)
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as follows. Given a € u, put ¢, = {# € u : (UG)(a,B) = 1}. Now set
Fo(a) = {Ney} if eq # B, and Fg(a) = 0 otherwise.

Let us show that IFg A\ C;’; € (NSE]A<9)+. Thus, let ¢ € @ and
f1 P, (6) — Pg(A). Pick a € y, a € A and 8 € p so that ({a} x u) Ndom(q)
=f,a€ac AI’WC’}”"A and § ¢ a. Now select 7 € @ so that ¢ C r, r(a,8) =1,
and r(a,v) =0 for all v < 5. Then clearly, r It b ¢ C}?g\. |

Suppose that p is a cardinal such that k < p = p<# < A, and for every
Z C A<* with P,(u) C L[Z], there is a subset of u which is Cohen over L[Z].
Then NS% |A # I \| A for every A € (NS% )" . To see this, fix A € (NS¥ ).
Select Z C A<* so that A € L[Z], P,(n) C L[Z] and P,(A\) CL[Z]. Let G C u
be Cohen over L[Z]. By Lemma 8.1, in L[Z][G] we can find C € I}, N P(A)
and g: Ps(u) — P3(X\) so that C N {a € C;”\ aNk €k} =0. Now C and ¢
are like this in V', so we are done.

PROPOSITION 8.3: Let p be a cardinal such that k- (J6]<0)" < p = p<# < A,

p be a cardinal such that \<* < p, and P be éithe notion oi: forcing which
< <

adds p Cohen subsets of u. Then in V¥, NS\ |4 # NSPL"|A for all A €

<Y +
(NSET)
Proof: P can be identified with the set of all functions p such that dom(p) €

P,(p x u) and ran(p) C 2. Now let G be P-gencric over V. For X C p, set

s +
Gx ={peG:dom(p) C X xpu}. InV[G], let A € (NS,[:fl\< ) . Then there
is £ < p with A € V[G¢]. From Lemma 8.2 we can infer that.in V{G][G e,

4 +
P(4)n (NS,[S,]; ) N NSL‘ﬁ\G # 0. The same inequality must hold in V[G].
|

COROLLARY 8.4: Assume that 2<* = k < 0. Let p be a cardinal such that
A<F < p, and P be the notion of forcing which adds p Cohen subsets of k. Then

4 " + - —
inVP, (a) NSEL" |4 # I\l Aforall A € (NSULT), (b) cof (VSIS |B) > A<?
ryo +
for all B (NS) .
Proof: By Proposition 8.3 we have that in V7, NS£,|A # I, ,|A for all

Ace (NS,’;'YA)“L. Part (a) fdllows, since NSy, C NS,[:S,];B. For (b) use Proposition
72. 1 '
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